In most usual examples of model categories, we have a set of cofibrations I (respectively, acyclic cofibrations J) which can be used as building blocks for the cofibrations (respectively, acyclic cofibrations) of the category. We can prove, to be more precise, that the cofibrations (respectively, acyclic cofibrations) of the category are realizable as retracts of relative cell complexes obtained by attaching cofibrations (respectively, acyclic cofibrations) of this generating set I (respectively, J).
The first aim of this chapter is to explain the definition of this general notion of a relative cell complex, and we devote our first section §4.1 to this subject. Then, in the second section of the chapter §4.2, we give the definition of a cofibrantly generated model structure, the general setting in which we have this effective characterization, in terms of retracts of relative cell complexes, of the cofibrations and of the acyclic cofibrations of a model category. In the third section §4.3, we explain the application of cofibrantly generated model structures to the definition of new model categories by adjunction.
The model category of topological spaces, and the model category of simplicial sets, of which we recalled the definition in §1.3, form instances of cofibrantly generated model categories, and we again take these fundamental examples to give a first illustration of our concepts. The other examples of base model categories mentioned in the introduction of §1 (namely, the categories of dg-modules over a ground ring, the categories of simplicial modules, and the categories of cosimplicial modules) are instances of cofibrantly generated model categories too. We explain the definition of the cofibrantly generated structure on cosimplicial modules and dg-modules in the next part, when we begin to use these structures for the study of the rational homotopy of operads.
The model category of operads considered in §1.4, and the model categories of algebras over an operad, of which we also briefly recall the definition in §1.4, are instances of cofibrantly generated model categories as well. In fact, the definition of these model category structures provides an example of application of the general ideas of §4.3, where we explain the construction of a model structure by adjunction from a base category equipped with a cofibrantly generated model structure. We go back to this process in §8, where we explain the definition of the model structure on operads in simplicial sets with full details.
We also use the ideas of §4.3 in §7, in order to get a model structure on the category of commutative algebras in cosimplicial modules (respectively, dg-modules) which provides a basis for our model of the rational homotopy of operads in simplicial sets.
Relative cell complexes in model categories
We explain the general definition of a relative cell complex in a category first. We address the applications of relative complexes to the construction of cofibrations and acyclic cofibrations in model categories afterwards.
4.1.1. The notion of a relative cell complex. Let K be a set of morphisms in a category C equipped with colimits. We call K-cell attachment any morphism f : K → L obtained by a pushout:
where we consider a coproduct of morphisms of the set K on the left hand-side. We say that a morphism f : K → L is a relative K-cell complex if this morphism is the composite of a Λ-sequence (see §1.1.2)
We also say that an object L forms a K-cell complex when the associated initial morphism f : ∅ → L has a relative K-cell complex structure. Let κ be a cardinal. We say that an object A ∈ C is κ-small with respect to the relative K-cell complexes if the canonical morphism colim
is an isomorphism for all λ-sequences of K-cell attachments (2) such that λ is a regular cardinal satisfying λ ≥ κ. We say that an object A is small with respect to the relative K-cell complexes when we have a cardinal κ such that this condition holds. We say that the set K permits the small object argument if the domain A of every morphism of K is small with respect to the relative K-cell complexes.
The expression "small object argument" refers to a factorization process associated to such morphism sets. For our purpose, we just record the outcome of this construction:
Proposition 4.1.2 (D. Quillen [178] , see also [63] , [110], [112] ). Let K be any set of morphisms that permits the small object argument. Then to any morphism f in the ambient category C, we can associate a factorization f = pi such that i is a relative K-cell complex and p is a morphism which has the right lifting property with respect to the morphisms of K.
References and remarks. The small object argument has been introduced in Quillen's monograph [178] in order to produce the factorizations required by the model category axioms. The reference books by Hirschhorn [110] and Hovey [112] give the formulation of the construction in the setting of this proposition. The introductory article [63] by Dwyer and Spalinski explains an application of the small object argument in the simplifying case of the category of dg-modules. We also review the applications of the small object argument to topological spaces and simplicial sets in the next section, when we explain the definition of the cofibrantly generated model structure of these base categories.
We refer to the factorization of this proposition f = pi as the factorization produced by the small object argument. We use this construction as a black-box.
We do not need to go into the details of the machinery, for which we refer to the cited bibliography. In most explicit examples of applications considered in this book (simplicial sets, dg-modules, . . . ), we deal with sets of morphisms K whose domains A are countably small with respect to the class of relative K-cell complexes. Let us simply mention that, under this simplifying assumption, we can assume that the relative K-cell complex i in the factorization of the small object argument are formed by a countable sequence of cell attachments.
4.1.3. Generating cofibrations and generating acyclic cofibrations. Let C be a category equipped with a class of weak-equivalences, cofibrations and fibrations (but we do not assume the axioms of a model category for the moment). We say that:
(1) a set of morphisms I, formed within the class of cofibrations, is a set of generating cofibrations for C when the acyclic fibrations of C are characterized by the right lifting property with respect to the cofibrations of this set I; (2) and a set of morphisms J, formed within the class of acyclic cofibrations, is a set of generating acyclic cofibrations for C when the fibrations of C are characterized by the right lifting property with respect to the acylic cofibrations of this set J;
We have the following general statement:
The relative I-cell complexes, where I is a set of generating cofibrations in the sense of §4.1.3(1), have the left lifting property with respect to acyclic fibrations.
(b) The relative J-cell complexes, where J is a set of generating acyclic cofibrations in the sense of §4.1.3(2), have the left lifting property with respect to fibrations.
Proof. These assertions follow from the statement of Proposition 1.1.3, where we establish that lifting properties are stable under the categorical operations involved in the construction of relative cell complexes.
In the setting of a model category, this proposition implies that the relative I-cell complexes are instances of cofibrations and the relative J-cell complexes are instances of acyclic cofibrations, because the left lifting property with respect to acyclic fibrations characterizes the class of cofibrations and we have similar statement for the class of acyclic cofibrations (see Proposition 1.1.5). But we generally establish these assertions as a preliminary result during the verification of the model category axioms. For this aim, we also consider sets I and J that permit the small argument. Indeed, we then have:
Proposition 4.1.5. In any category C equipped with a set of generating cofibrations I, and a set of generating acyclic cofibrations J, such that both permit the small object argument, we can apply Proposition 4.1.2 to obtain: (1) factorizations f = pi, such that i is a relative I-complex, and p is an acyclic fibration; (2) as well as factorizations f = qj, such that j is a relative J-complex, and q is a fibration.
Proof. The morphism p occurring in the factorization f = pi of Proposition 4.1.2, where we take K = I, has the right lifting property with respect to the morphisms of I, and is therefore an acyclic fibration by definition of the set of generating cofibrations. In the case of the factorization f = qj, we check that the morphism f forms a fibration by the same immediate argument.
The notion of a cofibrantly generated model category
We generally say that a model category C is cofibrantly generated when we have a set of generating cofibrations I in the sense of §4.1.3(1), as well as a set of generating acyclic cofibrations J in the sense of §4.1.3(2), such that both I and J permit the small object argument.
We use the extra structure of a cofibrantly generated model category to give an effective construction of the cofibrations and of the acyclic cofibrations of the category, as we briefly mention in the introduction of this chapter. We actually have the following result:
Proposition 4.2.1. In a cofibrantly generated model category C, equipped with a set of generating cofibrations I, and a set of generating acyclic cofibrations J:
(a) Any morphism f admits a factorization f = pi, where p is an acyclic fibration, and i is cofibration that is a relative I-cell complex, as well as a factorization f = qj, where q is a fibration, and j is an acyclic cofibration that is a relative J-cell complex.
(b) The cofibrations are the retracts of relative I-cell complexes, and the acyclic cofibrations are the retracts of relative J-cell complexes.
Proof and remark. Recall that, when we work in a model category, the result of Proposition 4.1.4 implies that any relative I-cell complex is a cofibration, and any relative J-cell complex is an acyclic cofibration. The first assertion of the Proposition is therefore a direct corollary of the result of Proposition 4.1.5.
We check our second assertion. Let f : A B be a cofibration. We form a factorization f = pi such that p : Z ∼ B is an acyclic cofibration and i : A → Z is a relative I-cell complex. We pick a lifting in the diagram
by applying Axiom (M4.i). We then have a commutative diagram
so that ph = id , from which we conclude that f is a retract of the relative I-cell complex i, and this proves the cofibration case of our assertion. We use a similar argument line in the case of acyclic cofibrations f : A ∼ B. We then consider a factorization f = qj such that q : Z B is a fibration and j : A → Z is a relative J-cell complex.
Let us mention that, if the domains of our generating cofibrations are countably small with respect to the class of relative I-cell complexes, then we can restrict ourselves to relative I-cell complexes formed by a countable sequence of I-cell attachments in the result of this proposition, because the relative I-cell complexes produced by the small object argument have this feature in this case (see our remarks on the result of Proposition 4.1.2), and we have a similar result if the domains of our generating acyclic cofibrations j ∈ J are countably small with respect to the class of relative J-cell complexes.
Cofibrant generation and the verification of the model category axioms.
We often use generating cofibrations and generating acyclic cofibrations as auxiliary structures in order to establish the validity of the model category axioms in a given category C.
To be explicit, we generally have the limit axiom (M1), the two-out-of-three axiom (M2), and the retract axiom (M3) easily. The crux lies in the verification of the lifting axioms (M4), and of the factorization axioms (M5). The idea is to check the factorization axioms (M5) first, by using the factorizations f = pi (respectively, f = qj) produced by the small object argument, as stated in Proposition 4.1.2, for a given set I (respectively, J) of generating cofibrations (respectively, of generating acyclic cofibrations).
The lifting axiom (M4.i) (respectively, M4.ii) is, according to Proposition 4.1.4, automatically fulfilled for relative I-cell (respectively, J-cell) complexes. In order to get the general case of this lifting axiom, the idea is to establish the second claim of Proposition 4.2.1 by a direct argument, and to use that the preservation of lifting properties by retracts (Proposition 1.1.3).
4.2.3. The example of the category of topological spaces. The model structure of Theorem 1.3.1, for the category of topological spaces Top, has a cofibrantly generated structure with: (1) the canonical embeddings i :
for n ∈ N, as set of generating cofibrations (in the case n = 0, we just set S −1 = ∅ by convention); (2) the inclusions j : D n ×{0} → D n ×[0, 1] for n ∈ N as set of generating acyclic cofibrations. The set of generating acyclic cofibrations of topological spaces considered in Quillen's original monograph [178] is a simple variant of the maps of (2), consisting of the polyhedron inclusions j : Λ n k → ∆ n , k = 0, . . . , n, n > 0, where we set Λ n k = |Λ n k | for the geometric realization of the n-horn (see §1.3.6). The maps of (2), are used in the other reference [112, §2.4] which we cite for the proof of Theorem 1.3.1. Both references [112, 178] actually rely on these choices of generating (acyclic) cofibrations, and on the definition of the class of weak-equivalences in Theorem 1.3.1(1), in order to determine the model structure on the category of topological spaces. In this approach, we have to define the fibrations as the maps which have the right lifting property with respect to the acyclic generating cofibrations in a first stage, and we characterize the cofibrations by the left lifting property with respect to the class of acyclic fibrations. Then we proceed along the lines of §4.2.2 to establish the validity of the model category axioms for this model category structure. Let us mention that we actually retrieve the same class of fibrations and cofibrations for all choices of generating acyclic cofibrations considered in our cited references [112, 178] .
If we identify the cofibrations of topological spaces as retracts of the class of the relative cell complexes of generating cofibrations of (1), then we obviously retrieve the characterization of Theorem 1.3.1(2) for this class of cofibrations. Furthermore, we similarly see that the embeddings j : A × {0} → A × [0, 1], considered in the definition of Theorem 1.3.1(3), and which include the generating acyclic cofibrations of (1) as special examples, are acyclic cofibrations. Therefore, as soon as we have established the validity of the model category axioms for our model structure, we retrieve the same class of fibrations as in Theorem 1.3.1(3) when we characterize our fibrations by the right lifting property with respect to the generating acyclic cofibrations of (1). We also refer to [113, Theorem 3.1] for a direct proof of this equivalence.
The condition of the small object argument for the generating (acyclic) cofibrations of (1-2) follows from the observation that the objects S n−1 and D n , which define the domain of our maps, are instances of compact topological spaces. We use that compact spaces are small with respect to the countable composites of topological inclusions satisfying an appropriate separation condition, and we check that the maps obtained by cell attachments of generating (acyclic) cofibrations of topological spaces fulfill this topological requirement, in order to conclude. We refer to [112, §2.4] for a detailed discussion of this subject.
4.2.4. The example of the category of simplicial sets. The model structure of Theorem 1.3.11, for the category of simplicial sets sSet, is also cofibrantly generated. In this case, we take: (1) the canonical embeddings i : ∂∆ n → ∆ n , for n ∈ N, as set of generating cofibrations; (2) and the embeddings j : Λ n k → ∆ n , where k = 0, . . . , n, n > 0, as set of generating acyclic cofibrations. Recall that ∂∆ n refers to the boundary of the n-simplex ∆ n , in the category of simplicial sets, and Λ n k refers to the kth horn of the n-simplex ∆ n , the simplicial counterpart of the polyhedron defined by digging the kth face of the simplex ∆ n when we work at the level of geometric realizations.
In Theorem 1.3.11(3), we precisely define the fibrations of simplicial sets as the morphisms which have the right lifting property with respect to the maps of (2), and we record in Theorem 1.3.13 that the acyclic fibrations of simplicial are characterized by the right lifting property with respect to the maps of (1). We therefore obtain that our maps fulfill the cofibrant generation condition of §4.1.3. We moreover readily see that the domains of our generating (acyclic) cofibrations are small with respect to all countable composites of morphisms in the simplicial category, and not only with respect to the relative cell complexes of generating (acyclic) cofibrations. To be more explicit, in the case A = ∂∆ n , Λ n k , we obtain that any map A → colim n X n , towards the colimit of any sequence of morphisms X 0 → · · · → X n−1 → X n → · · · in the simplicial category, factors through some term X n . This assertion easily follows from the observations of Proposition 1.3.12, where we give an explicit description, in terms of simplices, of the morphisms on the objects A = ∂∆ n , Λ n k . We deduce, from the study of § §1.3.8-1.3.9, that any simplicial set has a canonical decomposition K = colim m sk m (K) so that each sk m (K), m ∈ N, is obtained by an attachment of generating cofibrations in the category of simplicial sets. We may also easily check, by using the functoriality of this decomposition, that any injective map of simplicial sets is equivalent to a relative cell complex of generating cofibrations in the category of simplicial sets. In the particular case of simplicial sets, we therefore have an identity between the cofibrations and the relative cell complexes of generating cofibrations.
We examine the structure of the cell attachments of generating cofibrations in the category of simplicial sets more closely in the next paragraphs. We use the result of this analysis in the next part, in order to formalize the structures underlying the cell complexes of generating cofibrations in the category of operads (and symmetric sequences) in simplicial sets.
4.2.5. The cell attachments of generating cofibrations in the category of simplicial sets. In a first stage, we rely on the observations of §1.3.9 to get an explicit description of the outcome of a cell attachment in the category of simplicial sets:
where we consider a collection generating cofibrations i α : ∂∆ mα → ∆ mα , for some index set α ∈ S. We immediately deduce, from the expression of the simplex sets of the simplices in §1.3.9(3), that performing such a cell attachment (1) amounts to adding non-degenerate m α -dimensional simplices σ α ∈ N L mα , α ∈ S, to the simplicial set K, so that we have an identity:
for each n ∈ N. Recall that we write ∆ + (respectively, ∆ − ) for the category which has the same objects as the simplicial category, but where we only take the injective (respectively, surjective) non-decreasing maps as morphisms (see §1.3.2). Recall that we can also define this category ∆ + (respectively, ∆ − ) as the subcategory generated by the coface morphisms d i (respectively, the codegeneracies s j ) inside the simplicial category ∆. The elements τ = s * (σ α ) in our expression (2) are equivalent to iterated degeneracies τ = s j l · · · s j1 (σ α ) of the simplices σ α ∈ N L mα .
These non-degenerate simplices σ α ∈ N L mα represent the image of the fundamental simplices of the cells ∆ mα in our simplicial set L. The faces of any such simplex σ α ∈ N L mα are given m α − 1-simplices
for each pair i < j. These simplices (ρ 0 α , . . . , ρ mα α ) represent the image of the fundamental simplices of the boundary of our cell ∂∆ mα ⊂ ∆ mα in the simplicial set K. Recall that, according to the observation of Proposition 1.3.12, any attaching map f α : ∂∆ mα → K is uniquely determined by such a collection. The faces of the degenerate simplices s * (σ α ) = s j l · · · s j1 (σ α ) in the simplicial set L can be determined by using the universal relations between face and degeneracy operators in simplicial sets (see §I.0.4).
4.2.6. The diagram decompositions underlying a cell attachment in simplicial sets. For any simplicial set K ∈ sSet, we write K for the (∆ − ) op -diagram which we obtain by forgetting about the action of the morphisms of the subcategory ∆ + ⊂ ∆ on our object K and where we only retain the action of the morphisms of that subcategory ∆ − generated by the codegeneracy operators s j (which also define the degeneracy operators s j on our simplicial set). We can use the formalism of this forgetful functor (−) : K → K to revisit the observations of the previous paragraph.
First, we see that the sets
4. COFIBRANTLY GENERATED MODEL CATEGORIES in our formula §4.2.5(2) define a subobject of the (∆ − ) op -diagram L underlying the simplicial set L, and our identity (2) is the expression of a decomposition
in the category of (∆ − ) op -diagrams. Let us observe that this object S is identified with a coproduct of representable functors Mor ∆ − (−, m α ), for α ∈ S. In applications, we also consider the sets of non-degenerate simplices N S m = {σ α |m α = m}, m ∈ N, corresponding to generating elements of these summands Mor
If we go back to the pushout construction, then the relation L = K S can also be deduced from the observation that the partial forgetful functor (−) : K → K creates colimits in the category of simplicial sets, and the expression of the simplex sets of the simplices in §1.3.9(3) implies that we have an identity:
in the category of (∆ − ) op -diagrams, for each m ∈ N. The summand Mor ∆ − (−, m) in this decomposition represents the sub-diagram of the object (∆ m ) generated by the fundamental simplex ι m ∈ N (∆ m ) m .
Cofibrantly generated model categories and adjunctions
We use the concept of cofibrant generation for the definition of model structures on categories A equipped with an adjunction F : C A : ω where C is a model category defined in a first instance. The model category of operads, as we explain in the introduction of this chapter, is actually an instance of application of this process, and so do the categories of algebras over operads.
Before addressing this construction of adjoint model structures, we record the following useful statement concerning the characterization of Quillen pairs in the context of cofibrantly generated model categories:
G be a pair of adjoint functors between model categories. If C is cofibrantly generated, then F preserves (acyclic) cofibrations, so that the functors F : C D : G define a Quillen pair, as soon as F maps the generating (acyclic) cofibrations of C to cofibrations in D.
Proof. We adapt the argument lines of Proposition 1.1.7, where we establish the equivalence between different characterizations of a Quillen pair of adjoint functors. Let p : X → Y be any morphism in the category D. The adjunction relation implies that we have an equivalence of lifting problems
, where i : B → E denotes any generating acyclic cofibration (respectively, generating cofibration) of the category C. Hence, the morphism G(p) forms a fibrations (respectively, an acyclic fibration) in C as soon as p has the right lifting property with respect to these morphisms F (i) associated to the generating acyclic cofibrations (respectively, generating cofibrations) in the category D. The assumption of the proposition implies therefore that the functor G preserves fibrations and acyclic fibrations as required in the definition of a Quillen adjunction (see § §1.1.7-1.1.8).
We can also use the stability claim of Proposition 1.1.6, and the observation that the functor F preserves colimits (since this functor has a right adjoint) as well as retracts (by definition of a functor) to check that F preserves cofibrations and acyclic cofibrations. This gives another proof of our proposition.
In fact, we already used the reduction process of this proposition in the proof of Theorem 1.3.15 when we check that the geometric realization and the singular complex functor define a Quillen adjunction between simplicial sets and topological spaces.
4.3.2. The transfer of cofibrantly generated model structures through adjunction. We now address the construction of model structures by adjunction from a base model category. We assume that we have a pair of adjoint functors F : C A : ω, where C is a model category. We also assume that this category C is equipped with a set of generating cofibrations I, and a set of generating acyclic cofibrations J, so that our model structure on C is cofibrantly generated. We provide A with:
(1) a class of weak-equivalences (respectively, fibrations) consisting of the morphisms f such that ω(f ) is a weak-equivalence (respectively, fibration) in C, (2) and a class of cofibrations characterized by the left lifting property with respect to the acyclic fibrations given by the above requirement (1). In the situation of (1), we also say that the functor ω creates fibrations. Many model structure on categories A are transported from a fundamental model category C by using this adjunction process, and our purpose is to formulate a simple criterion ensuring that theses classes of weak-equivalences, fibrations, and cofibrations in A, fulfill the model category axioms, and we use the cofibrantly generated model structure, given with C, for this purpose. We consider the morphism set F I (respectively, F J) consisting of the image of the morphisms i ∈ I (respectively, j ∈ J) under the functor F : C → A. We readily see that F I defines a set of generating cofibrations (in the sense of §4.1.3), because we can use the adjunction relation (as in the proof of Proposition 4.3.1) to get that a morphism p in A has the right-lifting property with respect to these morphisms F (i) ∈ F I if and only if the associated morphism ω(p) has the right-lifting property with respect to our given generating cofibrations i ∈ I in the category C, and hence, if and only if this morphism ω(p) is an acyclic fibration.
In general, we can not guarantee that the morphisms F (j), where j ∈ J, are weak-equivalences in the sense of our definition (1), but we readily see (by the same argument as in the case of the generating cofibrations) that the right lifting property with respect to these morphisms characterizes our class of fibrations in the category A. We are therefore able to conclude that the morphism set F J defines a set of generating acyclic cofibrations (in the sense of §4.1.3) in the category A if we can establish that these morphisms F (j), j ∈ J, belong to our class of weakequivalences in the category A. We can not guarantee either that the domains of the morphisms F (i) (respectively, F (j)) permit the small object argument in general. Nevertheless, we often face the following situation, where we can sort out these issues and establish the validity of the model category axioms for our definition of weak-equivalences, fibrations, and cofibrations (1-2) in the category A:
Theorem 4.3.3 (see [76, Theorem 11.1.13, Proposition 11.1.14]). Let F : C A : ω be a pair of adjoint functors, where C is a cofibrantly generated model category, 4. COFIBRANTLY GENERATED MODEL CATEGORIES equipped with a set of generating cofibrations I, and a set of generating acyclic cofibrations J, and A is a category equipped with limits and colimits. Suppose that the following conditions hold:
(a) The functor ω : A → C preserves colimits over non-zero ordinals.
(b) Consider a pushout of the form
If i is a cofibration (respectively, an acyclic cofibration) in C, then so is the image under ω of the morphism f arising from this pushout. Then the process of §4.3.2 provides A with a cofibrantly generated model structure, with F I = {F (i)|i ∈ I} as set of generating cofibrations, with F J = {F (j)|j ∈ J} as set of generating cofibrations, and so that ω : A → C creates weak-equivalences and fibrations. Besides, the functor ω : A → C preserves cofibrations.
In the special case A = F (C), assumption (b) implies that the functor ωF preserves cofibrations and acyclic cofibrations. Therefore, in the situation of this theorem, the morphism set F J consists of acyclic cofibrations.
Proof (outline). In [76, Proposition 11.1.14], we prove that, under the assumption of the theorem, the image of a relative F I-cell (respectively, J-cell) complex under the functor ω forms a retract of relative I-cell (respectively, J-cell) complex in C. This observation is the crux of the proof that the morphism sets F I and F J permit the small object argument.
To establish the model category axioms, we follow the plan of §4.2.2. We immediately see that the limit axiom (M1) is fulfilled by assumption, the two-out-of-three axiom (M2) is inherited from the weak-equivalences of C, by functoriality of ω, and similarly as regards the retract axiom (M3) for weak-equivalences and fibrations. Proposition 1.1.3 implies that the retract axiom is satisfied by cofibrations too. Thus, we easily get (M1-M3).
The assumption implies that the image of relative F I-cell (respectively, F Icell) complexes under the functor ω are composites of cofibrations (respectively, acyclic cofibrations) and hence, are cofibrations (respectively, acyclic cofibrations) themselves by Proposition 1.1.6. The relative F I-cell complexes and the relative F I-cell complexes form both cofibrations of A by Proposition 1.1.3. The previous analysis implies that the relative F I-cell complexes are also weak-equivalences, and hence, form acyclic cofibrations in A. Thus, once we have proved that the morphism sets F I and F J permit the small object argument in A (see [76, Proposition 11.1.14]), we can apply Proposition 4.1.5 to get the factorizations f = pi and f = qj required by the factorization axioms (M5.i) in A.
The first lifting axiom (M4.i) is a tautological consequence of the definition of cofibrations in A. To check the second lifting axiom (M4.ii), we consider, for any acyclic cofibration f , the factorization f = qj such that p is a fibration and j is a relative J-cell complex. Since we have observed that relative J-cell complex are weak-equivalences, we also obtain that the fibration q is acyclic, by the two-out-ofthree axiom. Then we can apply (M4.i) to produce a morphism h such that qh = id and hf = j. (compare with the proof of Proposition 4.2.1). Moreover, we easily see (as in the proof of Proposition 4.2.1) that the existence of this morphism implies that f forms a retract of the relative J-cell complex j. The lifting axiom (M4.ii) is satisfied for relative J-cell complexes (see Proposition 4.1.4). We can therefore apply Proposition 1.1.3 to conclude that f satisfies the lifting axiom (M4.ii) as well, and this verification completes the proof of the model category axiom in A.
We have already observed that the functor ω maps relative F I-cell complexes to cofibrations. We just use that the cofibrations of A are characterized as retracts of the relative cell complexes associated with the generating cofibrations F I to conclude that ω preserves cofibrations, as stated in the theorem.
The definition of our model structure on simplicial operads and topological operads in §1.4 can be regarded as an application of the general methods of this section. But we have to adapt our arguments. Indeed, the pushout condition of Theorem 4.3.3 is not strictly satisfied when we deal with topological operads, and we have another approach, avoiding this analysis of pushouts, in the case of simplicial operads. We give more details on the definition of the model structure for simplicial operads in §8.
